We study the cosmological history of the classical conformal B − L gauge extension of the standard model, in which the physical scales are generated via the Coleman-Weinberg-type symmetry breaking. Especially, we consider the thermal phase transition of the U(1)B−L symmetry in the early universe and resulting gravitational-wave production. Due to the classical conformal invariance, the phase transition tends to be a first-order one with ultra-supercooling, which enhances the strength of the produced gravitational waves. We show that, requiring (1) U(1)B−L is broken after the reheating, (2) the B −L gauge coupling does not blow up below the Planck scale, (3) the thermal phase transition completes in almost all the patches in the universe, the gravitational wave spectrum can be as large as ΩGW ∼ 10 −8 at the frequency f ∼ 0.01-1Hz for some model parameters, and a vast parameter region can be tested by future interferometer experiments such as eLISA, LISA, BBO and DECIGO.
I. INTRODUCTION
Detection of the gravitational waves (GWs) is one of the most promising tools to probe the early Universe as well as astrophysical dynamics. Possible GW sources in the early Universe include for example inflationary quantum fluctuations [1] , preheating [2] , cosmic strings [3] and cosmic phase transitions [4, 5] . Especially, the last possibility has been extensively studied in the context of the electroweak transition triggered by the standard model (SM) Higgs field. Though the electroweak transition within the SM was found to be too weak to produce an observable amplitude of GWs [6] , various extensions of the SM predict first order phase transitions with a large amplitude of GWs [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] .
In considering physics beyond the SM, the Higgs sector may provide us some important clue. Especially, the smallness of the electroweak scale, compared to the Planck scale or grand unification scale (if it is realized in nature), has long been considered as unnatural, and puzzled people as "naturalness problem" or more specifically "gauge hierarchy problem". One of the most popular ways to solve this problem is to impose supersymmetry (SUSY) on the theory. This additional symmetry introduces so-called superpartners with opposite statistics to each particle content in the SM, and the Higgs mass is protected from the quadratic divergence because of the cancellation with bosonic and fermionic loops. As long as the soft-breaking scale of SUSY is close to the electroweak scale, this provides a convincing solution to the naturalness problem. However, despite all the efforts made by the high-energy community, the current data at Large Hadron Collider (LHC) suggest no traces of superpartners. Therefore, while SUSY remains to be an attractive solution to the naturalness problem, this situation leads us to look for other possibilities.
Here let us recall the argument by Bardeen [20] that the SM itself has no gauge hierarchy problem as long as we consider perturbative region. This is because the SM has an approximate scale symmetry which is broken only logarithmically, and therefore the seemingly quadratic dependence on the cutoff regulator Λ must be canceled out in the Higgs mass. No fine-tuning is required in this cancellation, because it is protected from this quadratic divergence by the approximate scale symmetry. The gauge hierarchy problem appears only when nonperturbative effects such as Landau pole appear, or when we consider some UV completion of the theory. Whether the Higgs mass is protected by the approximate scale symmetry when we take these into account depends on the formulation of the theory in the UV.
Given this, it might be interesting to consider the possibility that the UV completion is such that it leaves no tree masses in its low energy effective action, rather than leaving a small portion as the EW scale. In such cases, all the mass scales must be generated by dimensional transmutation such as Coleman-Weinberg mechanism [21] . Though it was found that this mechanism cannot be applied directly to the SM Higgs sector since the predicted Higgs mass ∼ 10 GeV is experimentally excluded, phenomenologically viable models still exist if one includes an additional scalar to the model so that the mass scale comes from the breaking of the conformal invariance of that field [22] [23] [24] [25] [26] [27] (see also [28] for [25] ). In Ref. [25] , Meissner and Nicoli called the property free from tree-level masses (though somewhat misleading) "classically conformal".
In this paper, we study the cosmological history of the classically conformal B − L model proposed in Refs. [26, 27] . Especially we are interested in GW production during the phase transition of the B −L breaking field. As we see later, the "classical conformal" property is the key to the large energy density released during the phase transition and the resulting large amplitude of GWs, and these features are considered to be shared in many classical conformal models. Since now groundbased detectors such as KAGRA [29] , VIRGO [30] and Advanced LIGO [31] are in operation, and space interferometer experiments eLISA [32] , Big-Bang Observer (BBO) [33] and DECi-hertz Interferometer Observatory (DECIGO) [34] have been proposed, it would be interesting to study the GW production in these classically conformal models.
The organization of the paper is as follows. In Sec. II we first write down the model and see its finitetemperature behavior. Then in Sec. III we study the cosmic history it follows. Since GW production occurs at the time of phase transition, we elaborate the criteria for the transition in this section. In Sec. IV we discuss GW production in this model and study the detectability of these GWs by future interferometer experiments. We summarize in Sec. VI.
II. SETUP
In this section we first write down the setup of the model, and then see the finite-temperature behavior of the effective potential.
A. Model
The minimal B − L extension of the Standard Model with classical conformal symmetry, as discussed in Refs. [26, 27] , is based on the argument that once the classical conformal invariance and its violation by quantum anomalies are imposed on SM, the model becomes free from the gauge hierarchy problem [20] . This model has the gauge symmetry SU(3) c ×SU(2) L ×U(1) Y ×U(1) B−L , and introduces three generations of right handed neutrinos ν i R (i = 1, 2, 3). In addition, it contains a complex scalar field Φ, in order to break the U(1) B−L gauge symmetry by the vacuum expectation value (VEV) and to induce the masses of right handed neutrinos. The matter contents of the model are listed in Table I .
This model has the following Yukawa interactions in addition to the SM
where we can assume the Yukawa coupling Y i M to have a diagonal form without loss of generality. Neutrino masses are generated by the seesaw mechanism [35] through the VEVs of the standard model Higgs boson H and Φ. On the other hand, the scalar potential of this model consists of the following terms
where only four-point couplings appear due to the assumption of the classical conformal invariance. The additional scalar field Φ can obtain a VEV M ≡ √ 2 Φ through the running of the coupling λ.
Here we mention the viable parameter range. The VEV M is bounded from below by the constraint on the mass of B − L gauge boson Z ′ through the relation m Z ′ = 2g B−L M , with g B−L being the B − L gauge coupling constant. The current constraint reads M > ∼ 10 TeV [36] . On the other hand, if M is much larger than the electroweak scale, the Higgs mass term obtains sizable corrections proportional to M 2 through loop diagrams [27] . Therefore we expect that the value of M is not far from the electroweak scale, since otherwise the tuning becomes more and more severe. In this paper we focus on 10 3 GeV < ∼ M < ∼ 10 9 GeV. In order to realize the electroweak vacuum, the coupling λ ′ must be somewhat suppressed and we neglect the coupling λ ′ below. We also neglect the Yukawa couplings 
where t = log(φ/µ) with µ being the renormalization scale and
with a 2 = 24. The gauge and self coupling strength
with b = 12, a 1 = 10 and a 3 = 48. In the following we take the renormalization scale µ to be M . This allows one to rewrite the condition dV dφ φ=M = 0 as
which means that α λ (0) is determined by α B−L (0). Thus, the scalar sector in our setup has only two parameters, M and α B−L (0). In the parameter region we are interested in, the first term is neglected in Eq. (7) and therefore −α λ (0) ∼ α B−L (0) 2 ≪ 1 holds. With the help of Eq. (7), we obtain the mass relation between the masses of φ and
The running of the couplings can be solved analytically, and the scalar potential is given by [26] 
where
Here A is defined as A ≡ a 1 a 3 − (a 2 + b) 2 /4, and the coefficient C is determined so that Eq. (7) holds.
B. Finite temperature effective potential
In order to follow the dynamics of the scalar field Φ in the early universe, we must take into account the finitetemperature effect on the effective potential. Since the system we consider has two typical scales φ and T with T being the temperature of the universe, we define the renormalization scale parameter u instead of t as
Note that Λ represents the typical scale of the system. Then, the one-loop level effective potential can be written as
Here V 0 indicates the zero-temperature potential (9), while V T denotes the thermal potential
is the bosonic one-loop contribution, and
is so-called daisy subtraction [38] . In the above expressions, the masses of the gauge boson are given by
Note that we have neglected the contribution from φ's self-interaction to the thermal potential, since it is much smaller than the one from the gauge interaction.
III. HISTORY OF THE UNIVERSE
A. Overview of our scenario
Here we briefly give the overview of the cosmological scenario realized in the present model. For that purpose it would be helpful to approximate the effective potential as (9)). If the temperature is high enough T ≫ M , the effective potential has the unique minimum at φ = 0 since the self-coupling satisfies λ eff > 0. On the other hand, for T ≪ M , the self coupling around φ < ∼ T becomes negative and the origin φ = 0 is made to be a false vacuum. Fig. 1 shows the temperature dependence of V eff . One sees that φ = 0 is the true vacuum at high temperature, while it becomes a false one as the temperature decreases. Note that φ = 0 continues to be a local minimum, as is understood from Fig. 2 , since the contribution from the first term in the RHS of Eq. (20) always dominates the one from the second term for φ near the origin.
With this behavior of the effective potential, the evolution of the universe is summarized as follows. Assuming that the reheating temperature is so high that U(1) B−L is restored at the time of the reheating, φ is first trapped at the origin of the effective potential. After the temperature drops to T = T c ∼ M , the origin becomes a false vacuum and for some cases the universe experiences a first-order phase transition associated with the tunneling of the φ field. This transition triggers bubble production and subsequent GW production, as we see in Sec. IV. This makes the most interesting part of our scenario.
However, note that the universe does not necessarily experience a first-order phase transition even if the origin of φ becomes a false vacuum. This is because the transition rate must exceed the expansion rate of the universe in order to complete the transition. Therefore we have to provide some criteria for the transition, which we explain in Sec. III B. If this criteria is satisfied, a given spacial point in the false vacuum well before the typical transition time finds itself in the true vacuum with a probability close to unity in the infinite future. In addition, it finds itself surrounded by a continuum of true vacuum which well exceeds the horizon size covered by CMB observations.
B. Criteria for the phase transition
Nucleation rate
In finite temperature field theory, the nucleation rate per unit volume Γ is given by [39, 40] 
with
where A denotes a prefactor which is typically of O(T 4 ) a . The configuration of φ in S 3 is estimated from saddle point approximation of the path integral with O(3) symmetry assumption, and is obtained from the following equation
Here the boundary conditions are taken to be
Here we rewrite the transition rate (21) as
Since A is of O(T 4 ) and the transition rate is dominantly determined by S, we simply set B to be M 4 below. The purpose of the redefinition (25) is to make the T -dependence of the nucleation rate Γ to appear in the exponent S(T ) b .
False vacuum probability
We introduce the false vacuum probability p(t), which is defined as the probability for a given spacial point in the false vacuum well before the typical transition time to remain in the false vacuum at time t [42] . Assuming the de Sitter spacetime background c , it is written as
a We consider g B−L < ∼ 0.3 region in the following. In such a case, the effects from the prefactor are negligible (see Eqs. (8) and (9) in [41] ). We have checked that the nucleation rate of the O(4) symmetric vacuum bubble is negligible. b In the literature, only the T -dependence of S 3 /T is often discussed and that of A(T ) is neglected, because the former affects Γ much more strongly. However, the T -dependence of S 3 /T is quite small in our model as we see later, and therefore this procedure is necessary to estimate the behavior of the transition rate more correctly. c In our setup, the transition mainly occurs after the scalar potential dominates the universe. In this case the assumption of de Sitter background gives a good approximation. Though the transition occurs before the scalar domination for some parameters, Eq. (28) still gives a good approximation in this case since the transition finishes instantaneously compared to the Hubble time.
Here the scale factor a and the comoving coordinate r(t, t ′ ) are given by
where the initial time t ini is set to be well before the transition, and the wall velocity is assumed to be luminal in Eq. (31) d . Substituting Eq. (25), (30) and (31) into Eq. (29), and regarding S as a function of time, one sees that I becomes
Note that we have factored out the M dependence in Eq. (32), and therefore I ′ depends only on α B−L (0). Also note that, in Eq. (34), the integrand is essentially ∼ e −S(τ ′ ) for the rescaled time τ ′ (or the integration time variable t ′ ) different from the endpoint 0 (or endpoint t) by a few Hubble times. Fig. 3 is the plot of S as a function of T /M . The blue, red, yellow and green lines correspond to α B−L (0) = 10 −1.9 , 10 −2.0 , 10 −2.1 and 10 −2.2 , respectively. As the temperature decreases, S first drops and then begins to increase. The former and latter behavior is due to S 3 /T term and ln(T /M ) term in the definition (27) , respectively. Since S is exponentiated when calculating I, the value of I(t = ∞) is mainly determined by the minimum of S, which is quite sensitive to α B−L (0). This makes the sharp dependence of I(t = ∞) on α B−L (0) in Fig. 4 , where I is calculated with M = 10 4 GeV and α B−L (0) = 10 −2.12 , 10 −2.14 , 10 −2.16 and 10 −2.18 . This sharp dependence can also be confirmed in the behavior of I ′ (t = ∞) shown in Fig. 5 .
Criteria for the phase transition
We adopt p(t = ∞), or I(t = ∞), as the indicator for the completion of the transition. The larger I(t = ∞) is, d In our model, the phase transition occurs at quite low temperature (T /M ≪ 1, or α defined in Eq. (36) satisfies α ≫ 1) in most of the parameter region. In such cases, bubble walls are likely to approach the speed of light (so-called "runaway" of bubble walls), and therefore this assumption is justified. the larger the typical volume of the region without any false vacuum becomes. Note that, in order to realize the homogeneous CMB spectrum with the e-folding N ∼ 50-60 as observed, the typical volume of such region must be large enough, say I(t = ∞) > ∼ O (10) . In the following discussion we set the condition for the completion of the transition to be
and consider the GW production in the regions where the phase transition is successfully completed. Note that the results presented in Sec. V on α B−L -M plane show little dependence on the value of I C , since I(t = ∞) is quite sensitive to the value of α B−L (see Figs. [4] [5] . Note also that there always remain false vacuum regions since the function I is bounded from above in our scenario. We briefly discuss the fate of the false vacuum regions in Appendix A.
IV. FIRST ORDER PHASE TRANSITION AND GRAVITATIONAL WAVES
In this section we summarize the properties of GWs produced by cosmological first order phase transitions.
When a scalar field is trapped in the false vacuum, first order phase transitions can occur in association with the tunneling of the scalar field from the false vacuum to the true one. The transition proceeds with the nucleation of bubble seeds, their expansion, and the collision of the bubbles and subsequent thermalization. Though a single spherical bubble cannot produce tensor modes in the energy-momentum tensor and hence GWs, the collision of many bubbles violates the spherical symmetry and as a result GWs are produced. In first order phase transitions, the sources of GWs are classified into the following [43] : bubble wall collisions [44] [45] [46] [47] [48] [49] , turbulence [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] and sound waves [60] [61] [62] . The first occurs due to the scalar field configuration, while the last two originate from the dynamics in the thermal plasma. In our setup, the transition typically occurs after the scalar field dominates the energy density of the universe, and therefore we focus on bubble wall collisions as the source of GWs in the following. However, one should note that a nonnegligible amount of GWs might be radiated from turbulence and sound waves after the phase transition. Therefore our results should not be regarded as giving the exact estimation of the amplitude nor the shape of the GW spectrum, but as a lower limit on the GW production.
A. Gravitational wave spectrum
In the literature, GW spectrum from first order phase transition is often parameterized by two parameters α and β. The former is the ratio of the released energy density ǫ * to radiation energy density at the transition
where T N and g ′ * = 116 denote the temperature and the number of relativistic degrees of freedom in the thermal bath just before the transition. The other parameter β is defined by the nucleation rate per unit volume as
We explain how to estimate α and β from the scalar potential in the next subsection.
In this paper, we employ the GW spectrum presented in Ref. [49] , where GW spectrum from many bubble collisions is numerically calculated. In their calculation so-called envelope approximation [44] [45] [46] [47] is adopted, in which the energy of collided bubble walls is assumed to be instantly transformed into radiation, and only uncollided bubble walls are taken into account as the source of GWs. Even though this approximation does not give the full GW spectrum, we expect that their result gives at least a lower bound for the GW spectrum from bubble collisions. Also, The peak frequency f peak and the GW amplitude at the peak frequency Ω GW,peak ≡ Ω GW (f peak ) are estimated as [49] 
where H * , T * and g * = 106.75 are the Hubble parameter, the temperature and the effective degrees of freedom in the thermal bath after the phase transition, respectively e . Also, h 0 denotes the reduced Hubble constant at present. Other parameters ∆ and f * /β are given by ∆ = 0.11v
where v b is the velocity of the energy front of the bubbles. In addition, the efficiency κ is defined as the fraction of the released energy density ǫ * localized around the bubble walls. Note that we include the energy stored in the form of the scalar field as well as that in the fluid in our definition of κ. Though κ depends separately on e Here, we assume that the system becomes in thermal equilibrium at least within a few Hubble time after the phase transition.
α and v b in general, we take the expression for κ with so-called Jouguet detonation as a benchmark [47] 
and that for v b under the same assumption [63] 
Note that, in the present model, α is typically much larger than unity in the parameter region we are interested in, and in such cases bubble walls are likely to runaway rather than expand with detonation [64, 65] . However, since in runaway cases most of the released energy is likely to be localized at the bubble walls expanding with a velocity close to the speed of light, we expect that κ → 1 and v b → 1 are realized for α ≫ 1. Thus Eqs. (42)- (43) are expected to give a good estimate for produced GWs even in such a case. Therefore we use Eqs. (38)- (43) in the following analysis.
For the frequency dependence of the GW spectrum, we follow the result in Ref. [49] and approximate it as
. (44) B. Estimate of the bounce action
For the parameter values with which the phase transition completes, the transition occurs at I ∼ 1 for most of the spacial region. We define the temperature at the bubble nucleation T N as the temperature at I = 1. Then α, β and T * are obtained in the following way. First, the nucleation speed β =Γ/Γ is estimated as
The temperature just after the transition T * is estimated from the Friedmann equation as
with M P ≃ 2.4 × 10 18 GeV denoting the reduced Planck mass. The released energy density ǫ * is estimated from f Note that this condition differs from the one often used in the literature
by 4, because we have taken into account the factor A ∼ T 4 in Eq. (21) .
the thermodynamic relation [7] 
where ∆V min is the temperature-dependent minimum of the effective potential ∆V eff ≡ V eff (φ, T ) − V eff (0, T ).
C. Typical behavior of GW parameters in classically conformal models
Here we briefly discuss the typical behavior of the parameters which determine the properties of GW spectrum in the present model. For sufficiently low temperature T ≪ M , the effective potential around the origin φ < ∼ T is approximately given by the following quadratic and negative quartic terms (see Eq. (20))
In such a case, the exponent in the nucleation rate is estimated as [40] 
Note that S 3 /T depends on T only through the running of the coupling t = ln(T /M ), which makes the dependence of S on T small and as a result β/H small (∼ O(1)). In addition, ultra-supercooling α ∼ M 4 /T 4 N ≫ 1 is expected since the transition occurs not at T N ∼ M but T N ≪ M . This is because the temperature has to decrease by some orders of magnitude from M in order for S to decrease sufficiently (by ∼ O(10)) to trigger the transition (see Fig. 3 ) due to the very weak dependence of S on T .
As one can see from Eq. (39), large α and small β/H are required to make the amplitude of GWs larger. Therefore, a large amplitude of GWs is expected in the classically conformal B − L model. This property seems to be universal in models with classical conformal invariance as mentioned in Ref. [66] , since above discussion depends only on the weak dependence of the nucleation rate to the temperature.
V. RESULTS
In the following we show the contours of the quantities related to the GW spectrum on the M -α B−L plane, where α B−L is the shorthand notation for α B−L (0). Before focusing on each figure, we mention the red, green and yellow lines common in Figs. 6-12: • Red line : Above this line, the coupling α B−L blows up below the Planck scale (see Eq. (10)).
• Green line : The region left to this line is excluded by Z ′ search, as explained in Sec. II.
• Yellow line : Below this line, the transition condition (35) is not satisfied.
We consider the parameter region which avoids these constraints below.
A. Numerical results for GW amplitude
We first show the contours of α and β in Figs. 6-7. In these figures, one sees that the ultra-supercooling α ≫ 1 and the small β/H (∼ O(1)-O(10)) mentioned in Sec. IV C are realized g . With a fixed value of M , g In the parameter region with β/H ∼ 1, the effect of de Sitter expansion during GW production may not be neglected, and the predictions on f peak and Ω GW,peak may change by some factor. smaller α B−L means larger α and smaller β/H. Both of these result from the weaker running of couplings for smaller α B−L : the weak running delays the transition time (S ∼ 100 in Fig. 3) , and also makes the derivative of S 3 /T smaller.
Once we obtain α and β, we can calculate the peak frequency and amplitude of the GW spectrum using Eqs. (38) and (39) . Figs. 8-9 show the contours of f peak and Ω GW,peak , respectively. The peak frequency covers ∼ 0.01-1Hz, the typical frequency band searched by future space interferometers, while the GW amplitude becomes as large as Ω GW,peak ∼ 10 −7 -10 −9 in such a region. Figs. 10-11 show the GW amplitude at f = 0.01Hz and 1Hz. In both frequency bands, GW amplitude as large as ∼ 10 −8 is realized for some parameter values. At the same time, the GW amplitude Ω GW ∼ 10 −8 -10 −12 is realized in a vast parameter region in 10 3 GeV < M < 10 9 GeV.
B. Detectability
Finally let us discuss the detectability of the GW spectrum realized in this model by future interferometer experiments. For simplicity, we approximate the detector noise to be the radiation pressure noise (for f < f best ) and the shot noise (for f > f best ) [67] 
, (53) and show in Fig. 12 the parameter region which satisfies the condition
The parameter values assumed for f best and Ω (n) GW,best are summarized in Table II , which are estimated from Ref. [68] as typical values. The spectral noise density S n summarized in the same table is related to Ω
where H 0 is the Hubble parameter at present.
h Note that, with the frequency dependence in Eqs. (44) and (53), this condition is equivalent to In Fig. 12 , the region below the dashed lines satisfies the condition (54) for eLISA (blue), LISA (red), DE-CIGO (yellow) and BBO (green), respectively. An interesting parameter region M ∼ 100 TeV can be tested by eLISA, while a wider region can be explored by the other experiments i . Furthermore, the parameter region around M ∼ 10 4 GeV and α B−L ∼ 0.007 may be searched by SKA [69], since f peak < ∼ 10 −4 Hz and Ω GW,peak ∼ 10 −7 -10 −8 is realized in this region [70] . Fig. 13 is the plot of the GW signal (44) for (f peak , Ω GW ) = (0.01Hz, 10 −8 ) (black-dashed) and (0.1Hz, 10 −10 ) (black-dotted), and the detector sensitivity (53) for eLISA (blue), LISA (red), DECIGO (yellow) and BBO (green), respectively. These parameter values correspond to (M, α B−L ) = (2.4×10
5 GeV, 0.010) (blackdashed) and (4.5×10
5 GeV, 0.017) (black-dotted), respectively.
i Better (lower) Ω (n) GW (f best ) does not necessarily mean a wider parameter region, because the detectability depends also on f best . 
VI. CONCLUSIONS
In this paper, we have studied the cosmological histories realized in the classically conformal B − L gauge extension of the standard model, and discussed the possibility of probing it using gravitational waves. Because of the classical conformal invariance of the model, the thermal trap persists at the origin of the effective potential. This makes the ultra-supercooling T ≪ M possible, where M is the typical symmetry breaking scale. In addition, the dependence of the nucleation rate to the temperature is suppressed because of the classical conformal invariance, which makes the bubbles produced in the transition and the resulting GW amplitude larger. As a result, requiring (1) U(1) B−L is broken after the reheating, (2) the B − L gauge coupling does not blow up below the Planck scale, (3) the thermal phase transition completes, the gravitational wave amplitude can be as large as Ω GW ∼ 10 −8 for some model parameters, and a vast parameter region can be tested by future interferometer experiments. At the same time, our result of the large amount of GW production is supposed to hold for other classically conformal models.
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Eternal inflation occurs when de Sitter fluctuation dominates over the classical motion of the field, ∆φ Q > ∼ ∆φ C , where ∆φ is the amount of φ motion during one Hubble time, and the labels Q and C stand for quantum and classical, respectively. Evaluating at φ ≃ H, one has
where λ eff,H is the value of λ eff (u) at u = ln(H/M ). Because λ eff,H < ∼ 10 −2 in the parameter region shown in Sec. V, eternal inflation occurs in the false vacuum. (The effective potential can be approximated by the hilltop inflation type around the origin, in which case the condition for the eternal inflation is studied in Ref. [71] .) In those patches where φ starts classical rolling towards the true vacuum, no observers are expected to exist. However, some patches of the universe where the inflation finishes may produce observers with a quite small but finite probability. (Of course, even if the inflation ends in one Hubble patch, the isotropic and homogeneous CMB spectrum with e-folding N ∼ 50-60 cannot be realized in that single patch. However, there seems to exist a tiny probability with which a large number of Hubble patches experience the transition at the same time and observers are born inside.) Because eternal inflation produces infinite number of such patches, typical observers realized in this model may find themselves not in the patch where the thermal phase transition is successfully completed, but in the one which experienced an inflating phase at φ ∼ 0 and then happened to escape.
If one finds this situation problematic, the setup can be modified so that a typical observer lives in the patch where the thermal phase transition is completed. One way of doing this is to modify the potential so that the phase transition is completed at all the spacial points, which is realized for example by introducing a nonminimal coupling φ 2 R with a negative coefficient of O (1) or larger, which induces a negative mass squared ∼ H 2 at the origin of the potential and makes φ roll down to the symmetry breaking minimum at all the spacial points. Forbidding the production of some inevitable components such as baryon asymmetry or dark matter in the patches where the phase transition occurs after the eternal inflation phase may be another solution.
